Linear Canonical Transform On Boehmian Space by Panchal, S. K. & Dole, Pravinkumar V.
ar
X
iv
:1
71
0.
04
86
4v
1 
 [m
ath
.C
A]
  1
3 O
ct 
20
17
Linear Canonical Transform On Boehmian
Space
S. K. Panchal and Pravinkumar V. Dole
Department of Mathematics,
Dr. Babasaheb Ambedkar Marathwada University,
Aurangabad-431004 (M.S.) India.
E-mail ID- drpanchalsk@gmail.com, pvasudeo.dole@gmail.com
April 26, 2018
Abstract: The aim of this paper is to constructs Boehmian space, the
linear canonical transform for Boehmians is define and to study its properties.
AMS Subject Classification: 44A35, 44A40, 46F12, 46F99.
Key Words: Linear canonical transform, Convolution, Distributions,
Boehmians.
1 Introduction
The most recent generalizations of functions is the theory of Boehmi-
ans. The idea of construction of Boehmians was initiated by the concept
of regular operators introduced by Boehme [1]. Regular operators form a
subalgebra of the field of Mikusinski operators and they include only such
functions whose support is bounded from the left. In a concrete case, the
space of Boehmians contains all regular operators, all distributions and some
objects which are neither operators nor distributions. The space of Boehmi-
ans is the new class of generalized functions which opened the new door to
area of research in mathematics. The construction of Boehmians is given by
Mikusinski and Mikusinski [5, 6, 8, 9]. Mikusinski and Nemzer has studied
1
2Fourier and Laplace transform for Boehmians in [7] and [11] respectively.
Zayed [15] extended the fractional Fourier transform to class of integrable
Boehmians. Singh studied fractional integrals of fractional Fourier trans-
form for integrable Boehmians in [13]. The Fourier, Laplace and fractional
Fourier transforms are the special cases of linear canonical transform (LCT)
and has many applications in several areas, like signal processing and optics
[2]. This lead to study linear canonical transform for integrable Boehmians
in [4]. In one hand we constructs Boehmian spaces and other hand defined
linear canonical transform for Boehmians. Further, we obtain its proper-
ties like one-to-one, onto, continuous from one Boehmian space to another
Boehmian space and other basic properties in the space of Boehmians.
The linear canonical transform of real valued function f is defined [3, 10]
as,
LA[f(t)](u) = FA(u) =
{ √
1
2πib
∫∞
−∞ e
i
2
[ a
b
t2− 2
b
ut+(d
b
)u2]f(t)dt for b 6= 0,√
de
i
2
cdu2f(du) for b = 0,
(1.1)
where LA is the unitary linear canonical transform operator with parameter
A = (a, b, c, d), a, b, c, d are real number satisfying ad − bc = 1. The inverse
transform for linear canonical transform is given by a linear canonical trans-
form having the parameter A−1 = (d,−b,−c, a) and LA−1 is the inverse LCT
operator. For value of parameters as, a = cosθ, b = sinθ, c = −sinθ, d = cosθ
then LCT become fractional Fourier transform, in particular, when θ = π
2
then LCT become Fourier transform and a = 0, b = i, c = i, d = 0 then LCT
becomes Laplace transform.
Let L1(R) be the space of all complex valued absolutely integrable func-
tions on R with norm ||f ||1 =
∫
R
|f(t)|dt ≤ M1 and L2(R) be the space of
all complex valued absolutely square integrable functions on R with norm
||g||2 =
( ∫
R
|g(t)|2dt) 12 ≤ M2, for some M1,M2 > 0. Let L1(R) ∩ L2(R) is
denoted by L1,2(R).
Definition 1.1 [12](Regular Distributions) Let f be the locally integrable
function, i.e. absolutely integrable on every finite interval on R, then distri-
bution generated by f is called regular distributions.
We see that f ∈ L1,2(R) then LA(f) and LA−1(f) are the members of L1,2(R).
3Definition 1.2 [3] Let the weight function W (t, τ) = eiτ(τ−t)
a
b . For any two
function f and g the convolution operation ∗A is defined as,
h(t) = (f ∗A g)(t) =
∫ ∞
−∞
f(τ)g(t− τ)W (t, τ)dτ (1.2)
Theorem 1.1 [3] (New Convolution Theorem)
Let h(t) = (f ∗A g)(t) and HA(u), FA(u), GA(u) denote the linear canonical
transform of h(t), f(t) and g(t) respectively, then
HA(u) =
√
2iπb e−i(
du2
2b
)FA(u)GA(u). (1.3)
2 Preliminary Results
In this section we obtain some results which are require to construct the
Boehmian space.
Lemma 2.1 Let f ∈ L1(R) and g ∈ L2(R) then the (f ∗A g) is in L2(R).
Lemma 2.2 The space (L1,2(R), ∗A) is commutative semi group.
Theorem 2.1 (Plancherel type theorem) Let the sequence fn ∈ L1,2(R) and
fn → f on L2(R) then LA(fn)→ LA(f) in L2(R) as n→∞.
Definition 2.1 Analogous to Plancherel type theorem for f ∈ L2(R), we
define LA(f) by L2 − limn→∞LA(fn), where fn ∈ L1,2(R).
Let ▽ be the set of all sequences of continuous real functions {δn} from
L1,2(R) having compact support on R with the following properties:
(i)
∫
R
ei
at2
2b δn(t)dt = 1, ∀n ∈ N,
(ii) limn→∞
∫
|t|>ǫ |δn(t)|dt = 0 for each ǫ > 0.
The members of ▽ are called delta sequences.
4Example 2.1 Let a, b ∈ R; b 6= 0, consider the sequence
δn(t) =


e−i
at2
2b t for 0 ≤ t ≤ 1
n
,
e−i
at2
2b n2( 2
n
− t) for 1
n
≤ t ≤ 2
n
,
0 otherwise.
Lemma 2.3 Let {ϕn}, {ψn} ∈ ▽ then (ϕn ∗A ψn) ∈ ▽ for all n ∈ N.
Lemma 2.4 Let f ∈ L1,2(R) and {ψn} ∈ ▽ then f ∗A ψn → f as n→∞ in
L2(R).
3 LCT For Boehmians
A pair of sequences (fn, ϕn) is called a quotient of the sequences, denoted
by fn/ϕn, where each n ∈ N, fn ∈ L1,2(R) and {ϕn} ∈ ▽ such that fm∗Aϕn =
fn ∗A ϕm holds ∀m,n ∈ N. Two quotients of sequences fn/ϕn and gn/ψn are
equivalent if fn ∗A ψn = gn ∗A ϕn ∀n ∈ N. This is an equivalence relation.
The equivalence class of quotient of sequences is called a Boehmian. The
space of all Boehmians is denoted by BL1,2 = BL1,2(L1,2(R),▽, ∗A) and the
members of BL1,2 are denoted by F = [fn/ϕn]. The function f ∈ L1,2(R)
can be identified with the Boehmian [(f ∗A δn)/δn], where {δn} is the delta
sequence. Let F = [fn/ϕn], then F ∗A δn = fn ∈ L1,2(R) ∀n ∈ N.
Definition 3.1 A sequence of Boehmians Fn is called ∆−convergent to a
Boehmian F (∆− limFn = F ) if there exist a delta sequence {δn} such that
(Fn − F ) ∗A δn ∈ L1,2(R), for every n ∈ N and that ‖(Fn − F ) ∗A δn‖2 → 0
as n→∞.
Definition 3.2 A sequence of Boehmians Fn is called δ−convergent to a
Boehmian F (δ − limFn = F ) if there exist a delta sequence {δn} such that
Fn ∗A δk ∈ L1,2(R) and F ∗A δk ∈ L1,2(R) for every n, k ∈ N and that
‖(Fn − F ) ∗A δk‖2 → 0 as n→∞ for each k ∈ N.
Let {δn} is a delta sequence, then δn/δn represents an Boehmian. Since
the Boehmian [δn/δn] corresponds to Dirac delta distribution δ, all the deriva-
tive of δ are also Boehmian. If {δn} is infinitely differentiable and bounded
5support, then the kth derivative of δ is define by δ(k) = [δ
(k)
n /δn] ∈ BL1,2 ,
for each k ∈ N. The kth derivative of Boehmian F ∈ BL1,2 is define by
F (k) = F ∗A δ(k).The scalar multiplication, addition and convolution in BL1,2
are define as,
λ[fn/ϕn] = [λfn/ϕn]
[fn/ϕn] + [gn/ψn] = [(fn ∗A ψn + gn ∗A ϕn)/ϕn ∗A ψn]
[fn/ϕn] ∗A [gn/ψn] = [(fn ∗A gn)/(ϕn ∗A ψn)].
Lemma 3.1 Let ∆ − limFn = F in BL1,2 then ∆ − limF (k)n = F (k) for
∀ k ∈ N in BL1,2.
Let ▽0 = {LA(δn); {δn} ∈ ▽} be the space of complex valued functions
on R, the operation · is pointwise multiplication and C0(R) be the space of all
continuous functions vanishing at infinity on R then we construct the another
space of Boehmians, denoted by B▽ = B▽(L2(R), C0(R)∩L2(R), ·,▽0). This
is the range of linear canonical transform on BL1,2 and each element of B▽ is
denoted by LA(fn)/LA(δn) for all n ∈ N, where {fn} ∈ L1,2(R).
Lemma 3.2 Let f, g ∈ L2(R);ϕ, ψ ∈ C0(R) and λ ∈ C then
(i) f · ϕ ∈ L2(R)
(ii) (f + g) · ϕ = f · ϕ+ f · ϕ
(iii) (λf) · ϕ = α(f · ϕ)
(iv) f · (ϕ · ψ) = (f · ϕ) · ψ.
Lemma 3.3 Let fn → f as n→∞ in L2(R) and ϕ ∈ C0(R) then fn · ϕ→
f · ϕ in L2(R).
Lemma 3.4 Let {δn} ∈ ▽ then LA(δn) converges uniformly on each compact
set to a constant function 1 in L2(R).
Lemma 3.5 Let fn −→ f as n −→ ∞ in L1,2(R) and LA(ϕn) ∈ ▽0 then
fn · LA(ϕn)→ f in L2(R).
Lemma 3.6 Let LA(ϕn),LA(ψn) ∈ ▽0 then LA(ϕn) · LA(ψn) ∈ ▽0.
6Proof: Let LA(ϕn),LA(ψn) ∈ C0(R) From theorem (1.1) and lemma (2.3)
we get LA(ϕn) · LA(ψn) = e
i
2 (
d
b
)u2
√
2πib
LA(ϕn ∗A ψn) ∈ ▽0. 
Definition 3.3 Let {fn} ∈ L1,2(R) and {δn} ∈ ▽, we define the linear
canonical transform LA : BL1,2 −→ B▽ as
LA[fn/δn] = LA(fn)/LA(δn) for [fn/δn] ∈ BL1,2 . (3.1)
The linear canonical transform on BL1,2 is well defined. Indeed if [fn/δn] ∈
BL1,2 , then fn∗Aδm = fm∗Aδn for all m,n ∈ N. Applying the linear canonical
transform on both sides, we get LA(fn)LA(δm) = LA(fm)LA(δn) for allm,n ∈
N and hence LA(fn)/LA(δn) ∈ B▽. Further if [fn/ψn] = [gn/δn] ∈ BL1,2 then
we have fn∗A δn = gn∗Aψn for all n ∈ N. Again applying the linear canonical
transform on both sides, we get LA(fn)LA(δn) = LA(gn)LA(ψn) for all n ∈ N.
i.e. LA(fn)/LA(ψn) = LA(gn)/LA(δn) in B▽.
Lemma 3.7 Let [fn/ϕn] ∈ BL1,2 then the linear canonical transform of the
sequence
LA[fn](u) =
√
1
2πib
e
i
2
(d
b
)u2
∫ ∞
−∞
e
−i
b
ute
i
2
a
b
t2fn(t)dt (3.2)
converges uniformly on each compact set in R.
Definition 3.4 In view of the above proof of lemma (3.7), the linear canoni-
cal transform of Boehmian in the space of continuous functions on R is define
as,
LA[F ] = lim
n→∞
LA(fn).
Theorem 3.1 The linear canonical transform LA : BL1,2 −→ B▽ is consis-
tent with LA : L2(R) −→ L2(R).
Theorem 3.2 The linear canonical transform LA : BL1,2 −→ B▽ is a bijec-
tion.
Theorem 3.3 Let F,G ∈ BL1,2 then
(a) LA[F + λG] = LA(F ) + λLA(G), for any complex λ.
7(b) LA[eiktF ](u) = e−idk(2u−bk)2 LA[F ](u− bk), for k ∈ R.
(c) LA[F (t+ τ)](u) = ei(2u+aτ) τ2bLA[e−iab xτF (x)](u).
(d) LA[F (2)](u) =
[(
iu
b
)2
+ ia
b
]
LA[F (t)](u).
Theorem 3.4 Let F,G ∈ BL1,2 then LA(F ∗A G) = LA(F )LA(G).
Theorem 3.5 Let δ − limFn = F for Fn, F ∈ BL1,2 then LA(Fn) → LA(F )
uniformly on each compact set of R.
Proof: Let {δm} be a delta sequence such that Fn ∗A δm, F ∗A δm ∈ L1,2(R)
for all n,m ∈ N and ‖(Fn − F ) ∗A δm‖2 → 0 as n→∞ for each m ∈ N. Let
M be a compact set in R then LA(δm) > 0 on M for all most m ∈ N. Since
LA(δm) is a continuous function and LA(Fn)∗ALA(δm)−LA(F )∗ALA(δm) =
((LA(Fn)−LA(F ))∗ALA(δm)), implies ‖(LA(Fn)−LA(F ))∗ALA(δm)‖2 → 0
as n→∞ for each m ∈ N. Thus LA(Fn)→ LA(F ) uniformly on M . 
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